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Abstract – In the light of the recent LHC data, we study precision tests sensitive to the violation
of lepton universality, in particular the violation of unitarity in neutrino mixing. Keeping all data
we find no satisfatory fit, even allowing for violations of unitarity in neutrino mixing. Leaving out
sin2θeff from the hadronic forward-backward asymmetry at LEP, we find a good fit to the data
with some evidence of lepton universality violation at the O(10−3) level.
The interpretation of the newly discovered scalar bo-
son at the LHC as the Higgs boson of the standard model
allows for concrete theory predictions for electroweak pre-
cision observables. The question arises, whether the mea-
sured value for the Higgs mass results in a full agreement
between the standard model prediction and the experi-
mental observations in the electroweak sector. Now that
the Higgs boson mass is known, one can look for more sub-
tle deviations from standard model predictions as before.
Although theory and experiment are in rough agreement,
some discrepancies remain. There is for example the 2σ
deviation of the Z boson invisible width or the 1.33σ de-
viation for the W boson mass MW [1]. More serious is
the situation regarding the value of sin2θeff, which we will
call s2eff in the following. There is a large discrepancy be-
tween the value from leptonic measurements s2,lepteff and
the one based on hadrons s2,hadreff . Only the average of the
leptonically and hadronically inferred values agrees with
the theory prediction, but both individual values are off
by ∼ 2σ.
The degree of accuracy of any theoretical prediction
is related to the precision of the experimental measure-
ments used as input to the predictions. Typically one
takes the most precisely known quantities as input. For
the electroweak theory these are the Z boson mass, the
electromagnetic fine-structure constant α and the Fermi
constant. The latter is determined by the muon decay
constant, measured from the muon lifetime. It was shown
in Refs. [2, 3] that a violation of unitarity in the mixing
among neutrinos modifies the relation between the muon
decay constant and the Fermi constant (see Eq. (8)). Since
the Fermi constant is an input to the theory predictions,
this modification affects all predictions for the electroweak
precision observables.
The latter references pursued this observation further
and investigated to which extent a violation of unitary
mixing in the neutrino sector would improve the fit to
the electroweak precision observables, whereby also con-
straints from lepton universality were considered. Oblique
corrections were included as free parameters in the analy-
sis, which was necessary at the time because of the lack of
knowledge of the Higgs boson mass. This analysis showed
that a large mixing of neutrinos with heavy sterile states
is preferred by the data, however combined with oblique
corrections coming from a Higgs boson with a mass in
the range of several hundreds of GeV. With the presently
known Higgs mass, the large (absolute) values for the
oblique corrections advocated above are not possible any-
more. Hence the degree of agreement between theory and
experiment is unsatisfactory. However the analysis relied
on old data, that have been improved in the meantime.
When one limits oneself to the electroweak precision ob-
servables only, as in Ref. [4], the degree of unitarity viola-
tion present in the type-I see-saw [5] with TeV scale right-
handed neutrinos can improve the fit to the electroweak
precision observables. This analysis allowed for the effect
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of rather large oblique corrections due to the heavy neu-
trinos. However the best fit point is for a configuration
in which the contribution of the latter is negligible with
respect to the contribution from tree-level effects due to
non-unitary mixing. We were able to confirm this result
by fitting the same observables with and without the T
parameter. This result then stands in contradiction to the
fit of the lepton universality data, when performed sepa-
rately. We therefore conclude, that the fit of electroweak
parameters and lepton universality have to be performed
together, as was done in Ref. [2], while otherwise mislead-
ing interpretations may arise.
In this paper we update the fit of Ref. [2] in several
ways. We use more recent data for lepton universality
data and electroweak measurements. The fact that the
Higgs mass is relatively light suggests that it is not possible
to achieve large values for the oblique parameters. As
argued above we expect that also the contribution of heavy
neutrino states to the latter is negligible. Therefore we
perform a χ2 analysis to check for non-unitary mixing in
the neutrino sector, using the most precise experimental
precision data, both with and without the contribution
from oblique corrections.
The violation of unitarity in the leptonic sector is as-
sumed to be caused by new physics mixing with the stan-
dard model neutrinos, thereby causing departure from
unitarity in the PMNS matrix while keeping the unitar-
ity of the full neutrino mixing matrix. We consider only
the most precise low energy observables for lepton univer-
sality, and the set of most precise electroweak observables
sensitive to deviations in the neutrino sector. These are
the W boson mass MW , the invisible decay width of the
Z boson Γinv, its leptonic decay width Γlept and the weak
mixing angle sin2θeff. We believe that these EW observ-
ables are more relevant than the others because they are
free from QCD uncertainties, often ‘biased’ by our less ac-
curate knowledge of the hadronic terms. For similar rea-
sons, we do not consider NuTeV data, which are shown to
be irrelevant in the fit in [4]. We discuss critically Ref. [1],
where the average of s2,lepteff and s
2,hadr
eff was shown to be
consistent with the standard model. We will show that a
much better fit of the data is achieved when s2,hadreff is not
included. This may indicate that this measurement is an
accidental statistical outlier or that maybe there is some
systematic effect, related to the hadronic features of the
measurements.
We will find that a global fit can resolve the discrep-
ancies between theory and experiment in the electroweak
precision sector when the stringent tests of lepton uni-
versality are considered. This is true also when oblique
parameters are neglected.
We begin our analysis by assuming the PMNS ma-
trix to be non-unitary due to the presence of n additional
fermionic fields Ni, which are singlets with respect to the
standard model gauge group. For convenience, we call
them heavy neutrinos. These new fields mix with the left-
handed neutrinos, resulting in the 3 + n mass eigenstates
νi, i = 1, ..., 3 + n , of which we conventionally identify
the first 3 as the standard model-like neutrinos. We ex-
press the mass eigenstates in terms of the flavour basis
{νLα , Ni} via a unitary (3 + n)× (3 + n) matrix U , such
that: 

ν1
...
ν3+n

 = U


νLe
...
Nn

 . (1)
The matrix U is the generalisation of the leptonic PMNS
matrix with rank 3+n, so that U = UPMNS ⇔ n = 0. For
n ≥ 1, Uαβ (α, β = e, µ, τ) is not unitary. Following [2,
3], the amount of unitarity violation can be quantified by
defining the epsilon parameters
ǫα =
∑
i>3
|Uαi|
2 = 1−
∑
β
|Uαβ |
2 . (2)
The recent measurements of the neutrino oscillation pa-
rameters bound the epsilon parameters to be less than
O(10−2) [6]. For the PMNS matrix U non-unitary,
UU† 6= 1. The off-diagonal elements of UU† are much
more strongly constrained, in particular from the MEG
bound on µ → eγ [6]. In the rest of this letter, we will
consider the MEG bound to be satisfied and hence neglect
the off-diagonal elements, concentrating on the epsilon pa-
rameters only.
The epsilon parameters affect the ratio of weak cou-
pling constants ge, gµ, gτ of the electron, muon and tau,
respectively. They can be experimentally measured in low
energy data [3]:
(
gµ
ge
)2
τ
=
BRτ→µ
BRτ→e
f [x2eτ ]
f [x2µτ ]
, (3)
(
gτ
ge
)2
τ
=
τµ
ττ
BRτ→µx
5
µτ
f [x2eµ]
f [x2µτ ]
δµW δ
µ
γ
δτW δ
τ
γ
, (4)
(
gµ
ge
)2
π
= (1 + δradeµ )
BRπ→µ
BRπ→e
xeµ
1− x2eπ
1− x2µπ
, (5)
(
gτ
gµ
)2
π
=
τπ
ττ
(1 + δradτπ )
BRτ→π
BRπ→µ
2x2µτxπτ
1− x2µπ
1− x2πτ
,(6)
where BRα→β is the branching ratio of particle α into β,
τ the life time, xαβ = mα/mβ, f [x] = 1 − 8x + 8x
3 −
x4 − 12x2 log[x] the phase-space factor, δαV the radiative
correction to the decay of particle α caused by the gauge
boson V [7], and δradαβ the radiative correction to the ratio
of α and β decays [8]. The correlation between the low
energy observables can be found in Ref. [3]. We summarise
the experimental values in Table 1. The theory prediction
for the above formulas is naively
gα
gβ
= 1−
ǫα − ǫβ
2
. (7)
Besides directly modifying all the observables in which
SM neutrinos are involved, the epsilon parameters enter
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into the predictions for all precision observables by affect-
ing the Fermi constant via the following relation:
G2µ = G
2
F (1 − ǫe)(1− ǫµ) , (8)
with Gµ being the Fermi constant as measured in muon
decays, and GF being the actual Fermi parameter.
Since Gµ is an input parameter, the theory predic-
tion for all the electroweak precision observables is modi-
fied. For this analysis only the most precise measurements
should be considered. These are MW ,Γlept,Γinv, the uni-
tarity of the CKM matrix and sin2θeff, which we choose as
the set of relevant observables. Because of the large dis-
crepancy between the measurements of sin2θeff we keep
the leptonic (s2,lepteff ) and hadronic (s
2,hadr
eff ) measurements
as separate data points. The experimental values are listed
in Table 1.
In general, the contribution from heavy neutrinos to
oblique parameters is very small. However in Ref. [4] a
large value to αT = ∆ρ due to a cancellation mechanism
was found. Therefore we perform the fit also allowing for
this parameter to be non-zero.
The theory prediction of the relevant electroweak preci-
sion observables can thus be expressed as [2, 3]:
MW
[MW ]SM
= 1 + 0.11 (ǫe + ǫµ)
+0.0056T (9)
Γinv/Γlept[
Γinv/Γlept
]
SM
= 1− 0.76 (ǫe + ǫµ)− 0.67 ǫτ
−0.0015T (10)
Γlept[
Γlept
]
SM
= 1 + 0.60 (ǫe + ǫµ)
+0.0093T (11)
sin2 θ
lept
eff[
sin2 θ
lept
eff
]
SM
= 1− 0.72 (ǫe + ǫµ)
−0.011T (12)
CKM = 1 + ǫµ . (13)
As argued above, electroweak observables can not be fit
independently from the lepton universality data. Hence,
we perform a fit of the parameters ǫe, ǫµ, ǫτ to the low
energy observables (eqs. (3)–(6)) and to the relevant elec-
troweak observables (eqs. (9)–(13)) in a standard χ2 anal-
ysis. The data presented in Table 1 is taken from Refs. [9];
the values of the weak mixing angle are found in Ref. [1].
In Table 2 we present the results of the χ2 analysis. The
first thing to notice is, that if one keeps all data points, the
standard model has a bad χ2 = 21.3/10, corresponding to
a probability of about 2%. Adding the epsilon parame-
ters does not improve the situation giving a χ2 = 18.0/7,
with a probability of about 1%. Strictly speaking these
data would therefore rule out the standard theory of the
Observable Experiment standard model
(gµ/ge)τ 1.0020(16) 1.0
(gτ/ge)τ 1.0029(21) 1.0
(gµ/ge)π 1.0021(16) 1.0
(gτ/gµ)π 0.9965(33) 1.0
CKM 0.9999(6) 1.0
MW (GeV) 80.385(15) 80.359(11)
Γinv/Γlept 5.942(16) 5.9721(2)
Γlept (MeV) 83.984(86) 84.005(15)
s2,lepteff 0.23113(21) 0.23150(1)
s2,hadreff 0.23222(27) 0.23150(1)
Table 1: Experimental results and standard model prediction
for lepton universality and electroweak observables. The the-
oretical predictions and experimental values are taken from
Refs. [9]. The values of the Weinberg angle are taken from
Ref. [1].
electroweak interaction even allowing for neutrino mixing
effects. However it is a fact that the theory has a very
consistent structure and that no reasonable form of new
physics is known that could explain the situation, in par-
ticular because the LHC has found no new signs of new
physics. Therefore we decided to consider the possibil-
ity that one of the measurements is ‘wrong’, for whatever
reason, maybe a statistical fluke or a misunderstanding
of systematics. Therefore we reanalysed the data, leaving
out one point at a time. The results are listed in the table.
The only really good fit we find is, when we remove s2,hadreff
from the data and allow for the epsilon parameters to be
present. We found a χ2 = 5.3/6, corresponding to a prob-
ability of about 50%. One notices that the presence of the
T parameter has little effect on the goodness of the fit.
We will therefore not consider it in the following. With-
out s2,hadreff the standard model has a probability of about
12%, however the improvement by allowing for unitarity
violation in neutrino mixing is quite large.
The goodness of the fit including the epsilon parameters
when s2,hadreff is excluded is the main result of this letter.
It shows that there is an indication that s2,hadreff is ‘wrong’
and that a violation of unitarity in the neutrino mixing
matrix is present. On the other hand, the inclusion of the
T parameter does not play an important role. From now
on, s2,hadreff and the T parameter are no longer considered
in the fits.
The values of the χ2 and of the epsilon parameters for
the best fit point are
χ2ǫ = 5.33
ǫe = (25.2± 8.1)× 10
−4
ǫµ = (−3.4± 4.8)× 10
−4
ǫτ = (18.4± 27.6)× 10
−4
, (14)
with a correlation matrix of
ρ =

 1 −0.32 −0.12−0.32 1 −0.04
−0.12 −0.04 1

 , (15)
p-3
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Observable χ2SM χ
2
T χ
2
ǫ χ
2
ǫ+T
(gµ/ge)τ 19.8 18.8 17.5 17.4
(gτ/ge)τ 20.3 19.3 14.0 13.5
(gµ/ge)π 19.7 18.6 17.4 17.2
(gτ/gµ)π 20.0 19.0 17.3 17.3
CKM 21.3 20.3 15.9 15.2
MW (GeV) 19.4 19.4 16.9 11.6
Γinv/Γlept 17.8 16.9 15.8 15.4
Γlept (MeV) 21.4 20.2 17.6 17.5
s2,lepteff 18.2 18.1 16.2 16.0
s2,hadreff 14.2 10.5 5.3 5.3
Total χ2 21.3 20.3 18.0 18.0
Table 2: The χ2 for the standard model (χ2SM ), the minimum
with unitarity violation (χ2ǫ ) with unitarity violation and the
T parameter (χ2ǫ+T ), and the T parameter only are evaluated
excluding the entry on each line. The total χ2 (considering all
entries) is given for reference.
where the first, second and third row/column correspond
to ǫe, ǫµ and ǫτ , respectively. The data suggests that
there is unitarity violation in the neutrino sector com-
ing only from the electron flavour, with the remaining two
flavours compatible with zero. However ǫτ is badly con-
strained. The result of our fit respects the experimental
bounds from neutrino oscillation experiments, which re-
quire ǫ < O(10−2) [6].
The best fit point is pictorially shown in Fig. 1. The
agreement of the quantities with the theory prediction is
clearly improved with respect to the standard model. The
only exception is the leptonic width of the Z-boson, off
now by∼ 1.4σ. The improvement on all other observables,
now off by less than 1σ, compensates for it, which is plain
from the value of the total χ2 at the minimum.
The presence of extra neutral fermionic fields mixing
with neutrinos has also phenomenological implications,
which are further subject to experimental constraints.
One such constraint comes from the upper limit on the de-
cay rate of µ→ eγ, given by the MEG collaboration [10]:
BRMEGµ+→e+γ < 5.7 · 10
−13 . (16)
A conservative theoretical upper bound for the contribu-
tion of the heavy neutrinos, as investigated in this letter,
is given by (compare Ref. [6]):
BRthµ→eγ ≤
3nα
8π
ǫeǫµ , (17)
where n is the number of additional heavy neutrinos. The
values for ǫe, ǫµ from Eq. (14), can be consistent with the
constraint in Eq. (16), which however indicates that ǫµ
should be quite small, consistent with zero in the fit to
the precision data.
A second constraint comes from the neutrinoless double
beta decay [11, 12], which is given by the EXO collabora-
tion [13]:
|
〈
mthee
〉
|EXO ≤ 0.4 eV . (18)
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Fig. 1: Results of the χ2 analysis. The blue lines represent the
standard model value and its (theoretical) uncertainty. The
circledots denote the best fit results for each observable from
the χ2 analysis. The x-axis scale is set by the respective exper-
imental error, the origin is given by the experimental value.
In assuming conservatively that the contributing heavy
neutrino fields have all the same massm, and that all con-
tribute with the same amount to the unitarity violation,
as given by Eq. (14), we get
|
〈
mthee
〉
|th ≤
∣∣∣∣∣∣
∑
i≤3
U2eimi + ǫe
q2
m
∣∣∣∣∣∣ f(A) , (19)
where q ≤ 0.9 GeV and f(A) is an efficiency factor, which
is of order 10−2 for the material used by the EXO collabo-
ration [11]. In Eq. (19) we made use of the unitarity of the
neutrino mixing matrix U . We thus obtain a conservative
lower limit on the mass of the heavy neutrinos of O(100)
TeV. Of course this limit assumes that the extra neutri-
nos have Majorana masses. In the case of Dirac masses
neutrinoless double-beta decay is absent.
From the analysis we can conclude that the combina-
tion of the most precise measurements is sensitive to the
violation of lepton universality at the level of O(10−3).
We found some evidence (∼ 3 σ) that such a violation,
presumably due to a non-unitary mixing among the three
standard neutrinos, is indeed present. We had to leave
out the LEP-measurement s2,hadreff . Keeping the measure-
ment, no good fit to the data appears possible with or
without the neutrino mixing. Leaving out this measure-
ment and allowing for non-unitary neutrino mixing, a very
good fit to the data can be found. This is an a posteriori
justification not to include this measurement. Contrary
to the conclusions in [2] we found no need to include ad-
ditional oblique corrections in the analysis. We found a
picture consistent with the limits from flavour-violating
lepton decays, with ǫe = O(10
−3), ǫµ small and ǫτ not
very well constrained. Though the indications are clear
the situation is not quite satisfactory. However upcoming
experiments can improve the situation. First the discrep-
ancy between s2,hadreff and s
2,lept
eff , which has affected pre-
cision analyses since LEP days, should become clarified
p-4
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Fig. 2: Contour plots of ∆χ2. The inner line represents the
68%, the outer one the 90% confidence level contours. The
cross represents the best fit point.
by planned experiments in Mainz and JLAB. Moreover
τ -factories could be helpful to improve the precision on
the branching ratios of the relevant decays. Furthermore,
an improved measurement of MW at the LHC, combined
with higher order theoretical calculations will be useful.
An improvement of a factor two in MW and s
2
eff , assum-
ing the same central values, would lead to a ∼ 5.3σ effect,
sufficient to claim a discovery.
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